NON-SUPERSINGULAR HYPERELLIPTIC JACOBIANS 



YURI G. ZARHIN 

Abstract. In his previous papers 1^5112611^51 the author proved that in char- 
acteristic ^ 2 the jacobian J{C) of a hyperelliptic curve C . = f{x) has 
only trivial endomorphisms over an algebraic closure Ka of the ground field K 
if the Galois group Gal(/) of the irreducible polynomial f{x) £ K[x] is either 
the symmetric group Sn or the alternating group A„. Here n > 9 is the degree 
of /. The goal of this paper is to extend this result to the case when either 
n = 7, 8 or n = 5, 6 and char(ii') > 3. 
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1. Introduction 

Let K he a field and Ka its algebraic closure. Assuming that char(ii') = 0, the 
author proved that the jacobian J(C) = J{Cf) of a hyperelliptic curve 

C^Cf.y^^ fix) 

has only trivial endomorphisms over Ka if the Galois group Gal(/) of the irreducible 
polynomial / G K[x] is "very big". Namely, if n — deg(/) > 5 and Gal(/) is either 
the symmetric group S„ or the alternating group A„ then the ring End( J(C/)) of 
i^a-endomorphisms of J(C/) coincides with Z. Later the author extended 
this result to the case of positive char(i4r) > 2 but under the additional assumption 
that n > 9, i.e., the genus of C/ is greater or equal than 4. We refer the reader 
to[T3[Tl|ll[Tni[n|[niESlESlElll2iEn!fora discussion of known results about, 
and examples of, hyperelliptic jacobians without complex multiplication. 

The aim of the present paper is to extend this result to the case when either 
n > 7 or when n > 5 but char(i4') > 3. Notice that it is known |2H1 that in those 
cases either End( J(C)) = Z or J(C) is a supersingular abelian variety and the real 
problem is how to prove that J(C) is not supersingular. 

We also discuss the case of two-dimensional J(C) in characteristic 3. 

2. Main result 

Throughout this paper we assume that K is a field of characteristic p different 
from 2. We fix its algebraic closure Ka and write Gal(/'ir) for the absolute Galois 
group Aut{Ka/K). 

Theorem 2.1. Let K be a field with p ~ chmilC) > 2, Ka its algebraic closure, 
f{x) e K[x\ an irreducible separable polynomial of degree n. Let us assume that 
Gal(/) = S„ or An. Suppose that n enjoys one of the following properties: 

(i) n — 7 or 8; 

(ii) n — 5 or 6. Ln addition, p = ch.a,r{K) > 3. 
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LetCf be the hyperelliptic curve — f{x). LetJ{Cf) he its jacobian, End( J(C/)) 
the ring of Ka-endomorphisms of J{C'f). Then End(J(C/)) ~ Z. 

Remark 2.2. Replacing if by a suitable finite separable extension, we may assume 
in the course of the proof of Theorem 12 . II that Gal(/) = A„. Taking into account 
that A„ is simple non-abelian and replacing K by its abelian extension obtained 
by adjoining to K all 2-power roots of unity, we may also assume that K contains 
all 2-power roots of unity. 

Remark 2.3. Let f{x) S K[x] be an irreducible separable polynomial of even 
degree n = 2m > 6 such that Gal(/) — S„. Let a G Ka be a root of / and 
Ki = K{a) be the corresponding subfield of Ka- We have 

f{x) = {x- a)fi{x) 

with fi{x) G Clearly, fi{x) is an irreducible separable polynomial over Ki 

of degree n — 1 = 2m — 1, whose Galois group is SSn-i- It is also clear that the 
polynomials 

h{x) = fi{x + a),hi{x) =x''-^h{l/x) e Ki[x] 

are irreducible separable of degree n — 1 with the same Galois group SSn-i- 
The standard substitution 

xi = l/{x - a), yi = y/{x - a)" 

establishes a birational isomorphism between C/ and a hyperelliptic curve 

Chi : Vi = ^11(2^1)- 

In light of results of [23 1^01 and Remarks 12.21 and 12.31 our Theorem 12.11 is an 
immediate corollary of the following auxiliary statement. 

Theorem 2.4. Let K he a field with p = char(ii') > 2, Ka its algebraic closure, 
f{x) € K[x\ an irreducible separable polynomial of degree n. Let us assume that n 
and the Galois group Gal(/) of f enjoy one of the following properties: 

(i) rt = 5 and Gal(/) = A5; 

(ii) n = 7 and Gal(/) = A7. In addition, p — char(ii') > 3; 

Let C be the hyperelliptic curve y^ = f{x) and let J{C) be the jacobian of C. 
Then J{C) is not a supersingular abelian variety. 

We will prove Theorem 12.41 in Section |3| 

Throughout the paper we write End°(X) for the endomorphism algebra End(X)(g) 
Q of an abelian variety X over an algebraically closed field Fa- Recall that 
the semisimple Q-algebra End°(X) has dimension (2dim(X))^ if and only if p := 
char(Fa) 7^ and X is a supersingular abelian variety. We write Hp is the quater- 
nion Q-algebra unramified exactly at p and 00. It is well-known that ii X is a 
supersingular abelian variety in characteristic p then End'^(X) is isomorphic to the 
matrix algebra Mg(Hp) of size g :— dim{X) over Hp. We will use freely these facts 
throughout the paper. 

3. Proof of Theorem 12.41 
We deduce Theorem 12 .41 from the following statement. 
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Theorem 3.1. Let K be a field withp — chaT{K) > 2, Ka its algebraic closure, Let 
n ^ q be an odd prime, f{x) £ K[x] an irreducible separable polynomial of degree 
q. Let us assume that the Galois group Gal(/) of f is L2{q) '■= PSL2(Fq), and that 
it acts doubly transitively on the roots of f . Suppose that either q = 5 or q — 7. Let 
C be the hyperelliptic curve y^ = f{x) and let J{C) be the jacobian of C. 
If J{C) is a supersingular abelian variety then n = 5 and p = 3. 

Proof of Theorem \2.4\ (modulo Theorem \3 . 1]) . If n = 5 then A5 = L2(5) and we are 
done. 

Suppose that n = 7. It is weU-known that the simple non-abeUan group L2(7) ^ 
L3(2) := PSL3(F2) acts doubly transitively on the 7-element projective plane 
P^(F2) and therefore is isomorphic to a doubly transitive subgroup of A7. Hence 
there exists a finite algebraic extension Ki of K such that the Galois group of / 
over Ki is L2(7) acting doubly transitively on the roots of f{x). Applying Theorem 
13. II to Ki and /, we conclude that if 3 7^ char(ifi) = char(isr) = p then J(C) is not 
supersingular. □ 

The following results will be used in order to prove Theorem 13. II 

Lemma 3.2. Let K be a field with char(_ftr) 7^ 2 Ka its algebraic closure, Gal(if) = 
Aut(A'a) the Galois group of K . Let f{x) € K[x\ be an irreducible separable poly- 
nomial of odd degree n. Let us assume that n > 5 and the Galois group Gal(/) 
of f acts doubly transitively on the roots of f{x). Let C be the hyperelliptic curve 
y^ — f{x) and let J{C) be the jacobian of C . Let J(C)2 be the group of points of 
order 2 in J{C){Ka) viewed as F2-vector space provided with a natural structure 
of Gal{K) -module. Then the image of Gal{K) in Autpa ('/(C)2) is isomorphic to 
Gal(/) and 

EndGai(K)(J(C)2) = EndGai(/)(^(C)2) = F2. 

Theorem 3.3. Let F be a field with characteristic p > 2 and assume that F 
contains all 2-power roots of unity. Let Fa be an algebraic closure of F. 
Let G {1} be a finite perfect group. 

Suppose that g is a positive integer, X is a supersingular g-dimensional abelian 
variety defined over F . Let End(X) is the ring of all Fa-endomorphisms of X and 
End°(X) =End(X)® Q. 

Let us assume that the image of Gd\{F) in Aut(X2) is isomorphic to G and the 
corresponding faithful representation 

p:G-^Aut(X2) = GL(2g,F2) 

satisfies 

EndGX2 = F2. 
Then there exists a surjective group homomorphism 

TTi : Gi -» G 

enjoying the following properties: 

(a) The group Gi is a perfect finite group. The kernel of tti is an elementary 
abelian 2-group. 

(b) One may lift pni : Gi — > Aut(X2) to a faithful absolutely irreducible sym- 
plectic representation 

p : Gi ^ AntQ,iV2{X)) 



4 



YURI G. ZARHIN 



of Gi over Q2 in such a way that the following conditions hold: 

• The character x of p takes values in Q; 

• p(Gi) C (End"(X))*; 

• The homomorphism from the group algebra Q[Gi] to End*^(X) induced 
by p is surjective and identifies End*'(X) ^ Mg(Hp) with the direct 
summand o/Q[Gi] attached to X- 

(c) p divides the order of G and p < 2g + 1. 

(d) Suppose that either every homomorphism from G to Gh{g — 1, F2) is trivial 
or the G -module X2 is very simple in the sense of |27[l28ll^ . Then kerTTi 
is a central cyclic group of order \ or 2. 

Lemma 3.4. Let p be an odd prime. Let q be an odd prime and T = SL2(Fg) or 
PSL2(Fq). Suppose that q — 5 or 7 and let us put g = Suppose that Q[r] 

contains a direct summand isomorphic to the matrix algebra Mg(Hp). Then p = 3 
and q = 5. 

Theorem 13 . 31 and Lemmas will be proven in Sections [S] and ^ 

Proof of Theorem Vd . 1\ (modulo Theorem \3.!A and Lemmas VS.}^ and \3.4-\j - Let us put 

X = J(C),G = PSL2(F,), 5= 

Clearly, either g = 5, 5 = 2 or q = 7, .g = 3. In both cases g = dim(X), the group G 
is simple and GL{g — 1, F2) is solvable. It follows that every homomorphism from 
G to GL{g — 1, F2) is trivial. It follows from Lemma Hi 21 that the image of Ga\.{K) 
in Aut(X2) is isomorphic to G and the corresponding faithful representation 

p: G-> Aut(X2) = GL(2g,F2) 

satisfies 

EndcXz =F2. 

Let us assume that X is supersingular. We need to get a contradiction. 

Applying Theorem 13.31 we conclude that there exist a finite perfect group Gi 
and a surjective homomorphism 

7ri:Gi->.G = PSL2(F,) 

enjoying the following properties. 

(i) Either Gi = G or Zi = kcr(7ri) is a central subgroup of order 2 in Gi; 

(ii) There exists a direct summand of Q[Gi] isomorphic to Mg(Hp)). 

The well-known description of central extensions of PSL2(Fg) when q is an odd 
prime 'i\ §4.15, Prop. 4.233] implies that either Gi = PSL2(F,) or Gi = SL2(Fg). 
Applying Lemma 13.41 we arrive to the desired contradiction. □ 

4. Proof of Lemmas \^72\ and [Ql 

We start with some auxiliary constructions related to the permutation groups 

[mini 13. 

Let B be a finite set consisting of n > 5 elements. We write Perm(i?) for the 
group of permutations oi B. A choice of ordering on B gives rise to an isomorphism 
Perm(_B) = S„. Let us assume that n is odd and consider the permutation module 
Ff : the F2-vector space of all functions : i? — > F2 . The space F^ carries a natural 
structure of Perm(i?)-module and contains the stable hyperplane Qb ■= (Ff )° of 
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functions with X^aeB 'fi.^) ~ 0- Clearly, Qb carries a natural structure of faithful 
Perm(_B)-module. For each permutation group H C Perin(_B) the corresponding 
ff-module is called the heart of the permutation representation of H on B over F2 

oiniizi. 

Lemma 4.1. End//((5B) = F2 if n is odd and H acts 2 -transitively on B. 

Proof. See Satz 4 in [E]. □ 

Proof of Lemma \3.}A Suppose f{x) € K[x] is a polynomial of odd degree n > 5 
without multiple roots and X J{Cf ) is the jacobian of C = C/ ■ = f{x). It is 
well-known that g := dim{X) — ^V^- is also well-known (see for instance Sect. 
5 of j27j) that the image of Gal(K) — > Aut(X2) is isomorphic to Gal(/). More 
precisely, let 9\ C Ka be the n-element set of roots of /, let K{U{) be the splitting 
field of / and Gal(/) — Ga,l{K (91) / K) the Galois group of /, viewed as a subgroup 
of of the group Perm($H) of all permutations of $H. We have Gal(/) C Peim{9\). It 
is well-known (see for instance, Th. 5.1 on p. 478 of |27j) that Gal{K) Aut(X2) 
factors through the canonical surjection Gal{K) -» Ga\{K{9{)/K) = Gal(/) and 
the Gal(/)-modules X2 and are isomorphic. In particular, 

EndGal(/f)(^2) = EndGal(/)(-''^2) = EndGal(/)(QK)- 

Assuming that Gal(/) acts doubly transitively on and applying Lemma |4.1I we 
conclude that 

EndGal(/)(-'^2) = EndGal(/)(QlR) = F2. 

□ 

Remark 4.2. The assertion of Lemma f3. 21 is implicitly contained in the proof of 
Prop. 3 in [TC) . 

Proof of Lemma \3.4\ It is known 8, corollary on p. 4] that Q[PSL2(Fg)] is a di- 
rect product of matrix algebras (for all power primes q). Since ker(SL2(Fq) 
PSL2(Fq)) is the only proper normal subgroup in SL2(Fg), it suffices to deal only 
with the group SL2(Fg) with q — 5,g — 2orq — 7,g = 3 and consider only direct 
summands of Q[SL2(Fq)] that correspond (in the sense of Lemma 24.7 on p. 124 
of 0) to faithful irreducible characters of degree q — 1 with values in Q. 

Let X be an irreducible faithful irreducible character of degree q—1 with values in 
Q. Then (in the notations of [3 §38]) x — where j is an integer with 1 < j < 
If z is the only nontrivial central element of SL2(Fg) then Oj{z) — {—iy{q — 1). 
The faithfulness of x implies (thanks to Lemma 2.19 0) that 6j{z) q — 1, i.e. j 
is odd. Let b G SL2(Fq) be an element of order q and a a primitive q + 1th root of 
unity. Then ^ p. 228] 

X{b) = e,{b) = -ia^ +a-^). 

Assume that q = 7. Then either j = 1 or j ~ 3. Also g -I- 1 = 8 and we may 
choose 

a = — — . 

V2 

Then if j = 1 then x(6) = — V2 and if j = 3 then x(&) ~ %/2. In both cases 
x{b) does not lie in Q. It follows that Q[SL2(F7)] does not have direct summands 
isomorphic to the matrix algebras of size 3 over quaternion Q-algebras (including 
Hp). 
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Assume that q = 5. Then j ~ 1 and x = ^i- Then q + 1 = 6 and the 
multiphcative order n of equals 6 = 2-3. Also cr^^ = cr^ is a primitive cubic root 
of unity. Let D be the direct summand of Q[SL2(F5)] attached to %. It follows from 
the case (c) of Theorem on p. 4 of 8 (see also ^ Th. 6.1(ii)] (with e = S = 1)) that 
D is isomorphic to to the matrix algebra M2(H) where iJ is a quaternion Q-algebra 
ramified (exactly) at oo and 3. (This means that H = H3 and D = M2(H3).) It 
follows that if D is isomorphic to M2(Hp) then p ~ 3. □ 

5. Not supersingularity 

We keep all the notations and assumptions of Theorem 13.31 
We write T2{X) for the 2-adic Tate module of X and 

P2,x :Gal(F)->Autz,(r2(X)) 

for the corresponding 2-adic representation. It is well-known that 72 (AT) is a free 
Z2-module of rank 2dim(Ar) — 2g and 

X2=T2{X)/2T2iX) 

(the equality of Galois modules). Let us put 

H = p2,x(Gal(F)) c Autz,(r2(X)). 

Clearly, the natural homomorphism 

P2,x ■■ Gal(F) ^ Aut(X2) 

defining the Galois action on the points of order 2 is the composition of p2,x and 
(surjective) reduction map modulo 2 

Autz,(r2(X)) ^ Aut(X2). 

This gives us a natural (continuous) surjection 

7r:H^P2,x(Gal(F))5^G, 

whose kernel consists of elements of 1 -f 2Endz2 {T2{X)). The choice of polarization 
on X gives rise to a non-degenerate alternating bilinear form (Riemann form) |18| 

e:V2(X)xy2(^)->Q2(l) = Q2. 

Since F contains all 2-power roots of unity, e is Gal(-F)- invariant and therefore is 
i/-invariant. In particular, 

H C Sp(V2(X),e) C SL{V2{X)). 

Here Sp(V2(A'),e) is the symplectic group attached to e. In particular, the H- 
module V2{X) is symplectic. 

There exists a finite Galois extension L of F such that all endomorphisms of X 
are defined over L. Clearly, Gal(-L) — Ga,l{Fa/ L) is an open normal subgroup of 
finite index in Gal(i^) and 

H' = p2,x(Gal(L)) c Autz,(T2(X)) c Autq, (V2(X))) 

is an open normal subgroup of finite index in H. We write End*^(Ar) for the Q- 
algebra End(X) (g) Q of endomorphisms of X. 

There exists a finite Galois extension LoiF such that all endomorphisms of X are 
defined over L. We write End°(Ar) for the Q-algebra End(X)(XiQ of endomorphisms 

of a:. 
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Since X is supersingular, 

dimQEnd"(X) = (2dim(X))2 = {2gf . 

Recall (5H1) that the natural map 

End°(X) ®Q Q2 ^ EndQ,y2(^) 

is an embedding. Dimension arguments imply that 

End"(X) ®Q Q2 = EndQ,F2(X). 

Since all endomorphisms of X are defined over L, the image 

P2,x(Gal(i)) c p2,x(Gal(i^)) C Autz,(r2(X)) c AutQ,(t/2(X)) 

commutes with End*'(X). This implies that p2,x(Gal(i)) commutes with Endq^ V2(^) 
and therefore consists of scalars. Since 

P2,x(Gal(L)) c p2,x(Gal(^^)) c SL(F2(^)), 

P2,x{G&\{L)) is a finite group. Since Gal(L) is a subgroup of finite index in Gal(F), 
the group H = p2,x(Gal(F)) is also finite. In particular, the kernel of the reduction 
map modulo 2 

Aut-z,T2{X) dH^Gc Aut(X2) 

consists of periodic elements and, thanks to Minkowski-Serre Lemma Z :— 
ker(7r : H ^ G) has exponent 1 or 2. In particular, Z is commutative. Since 

Z C i/ C Sp(y2 W) = Sp(2.g, Q2), 

Z is & F2-vector space of dimension < g. 

Let Gi be a minimal subgroup of H such that 7r(Gi) = G. (Since H is finite, 
such Gi always exists.) Since G is perfect, Gi is also perfect. (Otherwise, we may 
replace Gi by smaller [Gi,Gi].) Clearly, 

Zi := ker(7r : Gi ^ G) d Z 

is also a r2-vector space of dimension < g. We have 

Zi C Gi C if C Sp(y2(^)) - Sp(2g, Q2). 

In particular, the symplectic Gi-module is a lifting of the Gi(^ G)-module X2. 

I claim that the natural representation of Gi in the 2(7-dimensional Q2-vector 
space V2{X) is absolutely irreducible. Indeed, let us put 

E := EndGiCt^2(^)) C Endq, (y2(^)). 

Clearly, 

Oe = ^flEndz,(T2(X)) C Endz,(r2(^)) 

is a Z2-algebra that is a free Z2-module, whose Z2-rank coincides with dimQ2(_E). 
Notice that Oe is a pure Z2-submodule in Endza (72(X)), i-*^- the quotient Endz2(T2(^))/0£; 
is a torsion-free (finitely generated) Z2-module and therefore a free Z2-module of 
finite rank. It follows that the natural map 

Oe/20e ^ Endz,(r2(X))/2Endz,(r2(X)) = EndF,(X2) 

is an embedding. Clearly, the image of OeI'^Oe in EndF2(-'^2) lies in EndG(-''^2)- 
Since EndG(^2) = F2, we conclude that the rank of the free Z2-module Oe is 1, i.e. 
dS.va.Q^^(E) = 1. This means that E = Q2, i.e. the Gi-module V2{X) is absolutely 
simple. 
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Let X : Gi ^ Q2 be the character of the absolutely irreducible faithful represen- 
tation of Gi in V2{X). Clearly, x is a faithful (absolutely) irreducible character of 
degree 2g. We need to prove that x(Gi) C Q. 

Let Fi C Fa be the subfield of invariants of the subgroup 

{a e Gal(F) | p2,xia) G GJ C Gal(^^). 
Clearly, Fi is a finite separable algebraic extension of F and 

Gi =p2.x(Gal(Fi)). 

Clearly, the image 

P2,x(Gal(f^i))c Aut(X2) 

coincides with 

7rp2,x(Gal(Fi)) = ^(Gi) = ^i(Gi) - G c Aut(X2). 

Let Li be the finite Galois extension of Fi attached to 

P2,x ■■ Gal(Fi)) ^ Aut(T2(X)). 

Clearly, Gal(Li/i^i) = Gi. In addition, all 2-power torsion points of X are defined 
over Li. It follows (see [22|) that all the endomorphisms of X are defined over 
Li. On the other hand, I claim that the ring Endi?^ {X) of Fi -endomorphisms of X 
coincides with Z. Indeed, there is a natural embedding 

EndF,(X) ® Z/2Z ^ EndGai(Fj(^2) - F2 

that implies that the rank of the free Z-module EndpiiX) docs not exceed 1 and 
therefore equals 1, i.e. EndFi(-^) = 

Since all the endomorphisms of X are defined over Li, there is a natural homo- 
morphism 

K : Gi = Gal(Li/Fi) ^ Aut(End(X)) 

such that 

EndFi (X) = {ue End{X) \ K{a)u Vct G Gal(ii/Fi) = Gi} 

and 

a{ux) = {K{cr)u){a{x)) Va; G X{Li),u(z End(A:),cr e Gal(Li/Fi) = Gi. 
Further we write ''('^'u for n{a){u). Since Endi?i(Ar) = Z, we conclude that 

Z^{ue Eiid{X) I "('"'u = u Vcr e Gal(Li/Fi) = Gi}. 
Since all 2-power torsion points of X defined over Li, 

a{ux)= ''('")u(cr(a;)) Vx G r2(X), u e End(X), cr € Gi. 
bmce Aut(End(A:)) C Aut(End°(A:)), one may view k as 

k:Gi= Gal(Li/Fi) Aut(End°(X)), u ^ '^^''^w, m E End°{X),a e Gi 
and we have 

Q = {m e End°(X) I «('")u = u Vcr e Gal(Li/Fi) = Gi} 

and 

a{ux)= u(CT(a;)) Vx e y2(^), m e End°(X), o" e Gi. 

Recall that 

End°(X) C End°(X) (8)q Q2 = EndQ,(V2(X)) 
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and 

Gi C GL(y2{X)) = (EndQ,(T/2(X)))*. 

It follows that 

o-wa-i = Vm G End°(X),(7 e Gi. 

By Skolem-Noether theorem, every automorphism of the central simple Q-algebra 
End''(X) = Mg(Hp) is an inner one. This implies that for each a G Gi there exists 
e End°(X)* such that 

crwCT^l = = ui^uu;-^ Vm G End°(X). 

Since the center of End''(X) is Q, the choice of Wa is unique up to multiplication by 
a non-zero rational number. This implies that w^Wt equals War times a non-zero 
rational number. 
Let us put 

c', = aw-' e (EndQ,(V2(X)))*. 

Clearly, each c'^ commutes with End°(X) and therefore with End°(X) (g)Q Q2 = 
Endq^ (V2(-'^))- It follows that all c'„ are scalars, i.e. lie in QPd. (Here Id is the 
identity map on V2{X).) Clearly, the image 

c„ e Q;id/Q*Id ^ QsVQ* 

of in Q2*/Q* does not depend on the choice of Wa-- It is also clear that the map 

Gi ->Q27Q*,^^c; 

is a group homomorphism. Since Gi is perfect and Q2*/Q* is commutative, this 
homomorphism is trivial, i.e. Ca- — I for all a € Gi. This means that 

e Q*Id Vcr e Gi 

and therefore 

Recall m] that if one view an element u e End°(X) as linear operator in V2{X) 
then the characteristic polynomial Pu(t) of u has rational coefficients; in particular, 
the trace of u is a rational number. It follows that x(Gi) C Q. 
Let M be the image of 

Q[Gi] ^ End°(X). 
Clearly, M (g)q Q2 coincides with the image of 

Q2[Gi] -> End"(X) ®Q Q2 = EndQ,(T/2(^)). 

Since the Gi-module V2{X) is absolutely simple, 

Q2[Gi] ^EndQ,(t/2(X)) 

is surjective. This implies that 

dimQ(A/) = dimQ(End"(X)) 

and therefore, M = End"(X), i.e. Q[Gi] End°(X) is surjective. The semisim- 
plicity of Q[Gi] allows us to identify End°(X) with a direct summand of Q[Gi]. 

If £ is a prime number that does not divide order of Gi then it is well-known that 
the group algebra Q£[Gi] is a direct product of matrix algebras over (commutative) 
fields. It follows that p divides order of Gi. Since #(Gi) equals #G times a power 
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of 2 and p is odd, we conclude that p divides #G. In particular, Gi contains an 
element u of exact order p. Since 

u e Gi C End°(X) C EndQ,(y2(^)), 

Pu{t) is a polynomial of degree 2g with rational coefficients and one of its roots is 
a primitive pth root of unity. It follows that Puii) is divisible in Q[<] by the pih. 
cyclotomic polynomial ^p{t) ~ t^j-- Since the degree of <i>p is p — 1, we conclude 
that the degree 2g of Pu{t) is greater or equal than p — 1, i.e. 2g > p — 1. 

Assume for a while that the G-module X2 is very simple. S ince Gi — ^ G is 
surjective, the Gi-module X2 and its lifting V2(X) are also very simple Gi-modules 
|28l Remark 5.2 (i,v(a))]. Since Zi is normal in Gi, we conclude, thanks to |28l 
Remark 5.2(vii)] that cither the Zi-module V2{X) is absolutely simple or Zi consists 
of scalars. Since Zi is a finite commutative group, it does not admit absolutely 
irreducible representations of dimension > 1. Since dimQ2(V2(^)) = 2g > 1, we 
conclude that Zi consists scalars; in particular, Zi is a central subgroup in Gi. 
Since 

Zi c Gi c Sp{V2{X)) = Sp(25, Q2), 

either Z — {1} or Z — {±1}. This implies that Zi is a cyclic group of order 1 or 2. 

Further we no longer assume that the G-module X2 is very simple. Assume 
instead that every homomorphism from Z to Gh{g — 1, is trivial. I claim that 
in this case Z is again a central subgroup of Gi. Indeed, the short exact sequence 

1 ^ Z Gi ^ G -> 1 

defines, in light of commutativeness of Z , a natural homomorphism 

77 : G ^ Aut(Z) 

which is trivial if and only if Z is central in Gi. Clearly, 77(G) is a finite perfect 
group. Recall that Z is an elementary 2-group, i.e. Z = F2 for some nonnegative 
integer r. Clearly, we may assume that r > 1 and therefore Aut(Z) = GL(r, F2). 
If r < g — 1 then we are done. Suppose that r ~ g. Then Z must contain 

{±1} C Sp(V2(X). 

Since {±1} is a central subgroup of Gi, the elements of 77(G) C Aut(Z) act trivially 
on {±1}. Since the quotient Z/{±1} has F2-dimension g—1, elements of 77(G) act 
trivially on Z/{±1}. This implies that 77(G) is isomorphic to a subgroup of the 
commutative group IIom(Z/{±l}, {±1}. Since 77(G) is perfect, we conclude that 
77(G) — {!}, i.e. Z is a central subgroup and therefore is either {1} or {±1}. 

6. Hyperelliptic two-dimensional jacobians in characteristic 3 

Throughout this section X is a field of characteristic p = 3 and Ka its algebraic 
closure, 7Z = 5 or 6, 

n 

/(x) = ^a,a;'€if[a;] 

i=0 

a separable polynomial of degree n, i.e. all € -ftT, a„ ^ and / has no multiple 
roots. We write Gal(/) C SSn for the Galois group of / over K. 
Let Cf be the hyperelliptic curve — f{x) over Ka- 

Lemma 6.1. Suppose that n = deg(/) = 5 and 04 = 0. 
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(i) The jacobian J{Cf) ofCf is a supersingular abelian variety over K a if and 
only if ai = 02 = 0, i.e. 

f{x) = a<sx^ + O'iX^ + oq. 

If this is the case then J{Cf) is isogenous but not isomorphic to a self- 
product of a supersingular elliptic curve. 

(ii) Suppose that oq 7^ (e.g., f{x) is irreducible over K) and J{Cf) is a 
supersingular abelian variety. Then Gal(/) C A5 if and only if —1 is a 
square in K, i.e. K contains Fg. 

Proof. Since p = 3, /(x)^^^^^/^ = f{x)- Let us consider the matrices 

\^a2p-i a2p-2 J \a5 J ^ag 

Extracting cubic roots from all entries of M one gets the Hasse-Witt/Cartier- 
Manin matrix M^^' of C (with respect to the standard basis in the space of differ- 
entials of the first kind) [IS|, |21|, P- 129]. RecaU ( HSI p. 78], [Tn|, [B. Th. 
3.1], Lemma 1.1]) that the jacobian J{C) is a supersingular abelian surface not 
isomorphic to a product of two supersingular elliptic curves if and only if Af 7^ 
but 

m(3)m = 0. 

Clearly, M 0, because 05 7^ 0. It is also clear that 

det(M(3)M) = det(M(3))det(Af) ^ (-a?a^)(-aia5) ^ ajal 

Hence, if M'-^^M = then ai = 0. 
Suppose that ai = 0. Then 



We conclude that Af(3)M = if and only if ai = 02 = 0. It follows that J{C) 
is a supersingular abelian surface if and only if ai = 02 = 0. Since Af 7^ 0, the 
jacobian J(C) is not isomorphic to a product of two supersingular elliptic curves. 
This proves (i). 

In order to prove (ii), let us assume that J(C/) is supersingular, i.e., 

f{x) ^05X^ + 03x^ + 00. 
We know that oq 7^ 0, 05 7^ 0. Let us put 

h{x) := a^^f{x) = x^ + b3X^ + bo 

where 63 — as/as, 60 = oo/a^. Clearly, 69 7^ and the Galois groups of f{x) and 
h{x) coincide. So, it suffices to check that Gal(/i) C A5 if and only if —1 is a square 
in K. 

The derivative h'{x) of h{x) is 5a;^ = — x*. Let ai, • • • , as be the roots of h. 
Clearly, 

5 

= -bo. 

1=1 

It is well-known that the Galois group of h lies in the alternating group if and only 
if its discriminant 
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is a square in K. On the other hand, it is also well-known that 
5 

l[h'{a,) =: R{Kh') = (_i)dcgW(dogW-i)/2^^ 

2=1 

(Here R{h, h') is the resultant of h and h' .) It follows that 

5 5 

R{h,h') = n(-af) = -(Ha,)' - -{-b,f = -bl 

i=l 1=1 

and therefore D = — fop. Clearly, D is a. square in K if and only if —1 is a square in 
K. □ 

Example 6.2 (Counterexamples for A5 and SS^). Let k be an algebraically closed 
field of characteristic p = 3. Let K = k{z) be the field of rational functions in 
variable z with constant field k. We write k{z) for an algebraic closure of k{z). 
According to Abhyankar , the Galois group of the polynomial 

h{x) = - zx^ + 1 e k[z)\x\ = K[x] 

is A5 (see also ^TP. §3.3]). It follows that the Galois group of the polynomial 

f{x)=x'^h(-j = - zx^ + 1 = ^ a^x'' 

i=i 

is also A5. (Here 05 = 1, 04 = 02 = ai = 0, = — z, = 1.) 
Let us consider the hyperelliptic curve 

C : y'^ = x'^ ~ zx^ + 1 

of genus 2 over k{z). It follows from Lemma [6.11 that the jacobian J{C) of C is 
a supersingular abelian surface that is not isomorphic to a product of two super- 
singular elliptic curves. Hence End( J(C)) is isomorphic to a certain order in the 
matrix algebra of size 2 over the quaternion Q-algebra ramified exactly at 3 and 
00. See (5i proposition 2.19]) for an explicit description of this order. 
Assume now that k is an algebraic closure of F3. Let us put 

Ko = F3(z) CK^ k{z) C k{z). 

Clearly, —1 is not a square in Kq and k{z) is an algebraic closure of i^Tp. Also, 
f{x) e -fi'oia;]. An elementary calculation (as in the proof of Lemma Ffi. If ii')') shows 
that the discriminant of f{x) is —1. This implies that the Galois group of f{x) over 
Kq does not lie in A5. It follows that the Galois group of f{x) = x^ — zx^ + 1 over 
Kq is SS5. However, as we have already seen, the jacobian of = x^ ~ zx^ + 1 is 
supersingular. 

Theorem 6.3. Let K he a field with char(ii') = 3, Ka its algebraic closure, f{x) S 
K[x\ an irreducible separable polynomial of degree n — 5 or 6. Let us assume that 
the Galois group Gal(/) of f is the full symmetric group S„. Assume, in addition, 
that —1 is a square in K, i.e. K contains Fg. 

Let C = C'f be the hyperelliptic curve y^ — f{x). Let J{Cf) be its jacobian, 
End(J(C/)) the ring of Ka-endomorphisms of J{Cf). Then End(J(C/)) = Z. 
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Proof of Theorem Afi.'A Thanks to Remark 12. 31 we may and will assume that n = 5. 
We have 

5 

i=0 

where all the coefficients Ui G K and oq ^ 0. Let us put 

Clearly, h{x) € K[x] is an irreducible polynomial of degree 5 and Gal{h) — Gal(/) = 
SS5. It is also clear that if 

5 

h{x) = ^ biX^ e K[x] 

i=0 

then 64 = 0, 65 = 05 7^ 0. The substitution xi — x + j, yi = y establishes a 
iC-birational isomorphism between hyperelliptic curves C — Cf : y^ — f{x) and 
Ci = Ch '■ Vi = h(xi) and induces an isomorphism of the jacobians J{Cf) and 

Suppose that End(J(C/)) ^ Z. Then it follows from Theorem 2.1 of EH] that 
J{Cf) is a supersingular abclian variety. It follows that J{Ch) — J{Cf) is also 
a supersingular abelian variety. Applying Lemma I6.1f ii) to h, we conclude that 
Gal(/i) C A5, because —1 is a square in K. However, Gal{/i) — SS5. We obtained 
the desired contradiction. □ 

Example 6.4. Let k be an algebraically closed field of characteristic 3. Let K = 
k{z) be the field of rational functions in variable z with constant field k. We write 
k{z) for an algebraic closure of fc(z). Let h{x) G k[x\ be a Morse polynomial of 
degree 5. This means that the derivative h'{x) of h{x) has dcg{h) — 1 = 4 distinct 
roots /3i, ■ ■ ■ fii and /i(/3i) ^ while z ^ j. (For example, a;^ — x is a Morse 

polynomial.) Then a theorem of Hilbert ( [2D1 theorem 4.4.5, p. 41]) asserts that 
the Galois group of h{x) — z over k{z) is S„. Let us consider the hyperelliptic curve 

C:y^^ h(x) 

of genus 2 over k{z) and its jacobian J{C). It follows from Theorem 16.31 that 
End(J(C/)) = Z. (The case of h{x) = x^ — x was earlier treated by Mori |15j.') 

7. A COROLLARY 

Combining Theorems l2.1l and l6.3l together with Theorem 2.3 of |2H1 and Theorem 
2.1 of ISHIj we obtain the following statement. 

Theorem 7.1. Let K he a field with char(ii') ^ 2, Ka its algebraic closure, f{x) G 
K[x\ an irreducible separable polynomial of degree n > 5 such that the Galois group 
of f is either S„ or A„. //char(iir) = 3 and n < 6 then we additionally assume 
that Gal(/) = S„ and K contains Fg. 

LetCf be the hyperelliptic curvey^ — f{x). LetJ{Cf) be its jacobian, End( J(C/)) 
the ring of Ka-endomorphisms of J{Cf). Then End(J(C/)) = Z. 
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